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ABSTRACT

Fuzzy graph is a graph consisting of pairs of vertices and edges that have a membership degree that contains a closed
interval of real numbers [0,1] on each edge and vertex. A fuzzy graph G(o,u) is said to be a strong fuzzy graph if the
membership degree of edge uv with the minimum membership degree of vertex u and the same membership degree of
vertex v for each edge uv with uv € S. This paper explains the properties of fuzzy graph isomorphism including weak
isomorphism, co-weak isomorphism, and isomorphism in strong fuzzy graphs.
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1. INTRODUCTION

Fuzzy Graph is an extension of the Rigid Graph. The first definition of a fuzzy graph was introduced by Kaufmann in
1973 based on the Zadeh fuzzy relation. A more detailed definition was given by A. Rosenfeld in 1975, considering fuzzy
relations on fuzzy sets and building a theory of fuzzy graphs. Rosenfeld has produced several concepts such as bridges,
paths, cycles and fuzzy trees and determined their properties. At the same time, Yoh and Bang also introduced the
concept of connectedness in fuzzy graphs. This paper will discuss the properties of fuzzy graph isomorphism, including
weak isomorphism, co-weak isomorphism, and isomorphism in strong fuzzy graphs developed by A. Nagoor Gani and dJ.
Malarvizhi (2009).

2. STRONG FUZZY GRAPH

The following will provide definitions of sharp graphs, fuzzy graphs, connectedness in fuzzy graphs and strong fuzzy
graphs.

Definition 1 Let S be a set of vertices. A fuzzy graph G(o, ) is a pair of functions where:

0:S - [0,1]

u:S xS -1[0,1]

such that p(uv) < o(u) Aa(v),Vu,v € S where o is the vertex membership degree and u is the edge membership degree

of the fuzzy graph. The notation A= inf{o(u),c(v)},Vu,v €S.

Definition 2 Vertex u and v are said to be adjacent if there is an edge e connecting the two vertex or e = uv. While u

and v are said to be incident with edge e and e is said to be incident with u and v.

Example 1 Given a set of vertex S, namely S ={a,b,c,d,e} and a fuzzy graph G(o,u) where the membership degrees of
the vertex are o(a) =0,6,0(b) =0,4,0(c) =0,6,06(d) =0,4,0(e) =0,5 and the membership degrees of the edges are
u(ab) = 0,3, u(bc) = 0,2, u(be) =0,1, u(cd) = 0,2, u(ce) = 0,4, u(de) = 0,3, then the fuzzy graph G(o,u) is as follows
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Figure 1. Fuzzy Grah G

Definition 3 A path in a fuzzy graph G(o,u) is a sequence of distinct edges uguy, Ujusy, UsUs, ..., Up_1U; Such that
u(ui—qu;)) >0 and 1 <i<k.Here k is called the length of a path. A consecutive pair u;_,u; is called an arc on the path.

The path connecting a vertex u to v is denoted by P(u — v).
Definition 4 A fuzzy graph G(o,p) is called a strong fuzzy graph if p(uv) < o(w) A o(v),V(uv) € u*.

Definition 5 If u and v are vertex in G(o,u) with paths u = vy, vy, vy, ..., Vk_1, V¢ and if u and v are connected by a

path, then the strength of the path is defined as A¥, v;_;v; which is the strength of the weakest arc.

Example 2 Given a fuzzy graph G(o,u) in Figure 1, the path strength from vertex a to vertex c¢ will be sought, which is

defined as the strength of the weakest arc, then obtained:
Path strength from point a to point ¢
Path strength abc = inf{0.3,0.2} = 0.2
Path strength abec = inf{0.3,0.1,0.4} = 0.1
Path strength abedc = inf{0.3,0.1,0.3,0.2} = 0.1

Definition 6 If u and v are connected by a path of length k then wp*(uv) is defined p*(uv)=
Sup{u(uvy), u(w1v,), oo, (W1 v)}, VU, V1, oo, Vg1 € S.

Example 3 Given a fuzzy graph G(o,u) in Figure 1, the path strength from vertex a to vertex ¢ with length k is

obtained as follows:
Path strength abc = sup{0.3,0.2} = 0.3
Path strength abec = sup{0.3,0.1,0.4} = 0.4
Path strength abedc = sup{0.3,0.1,0.3,0.2} = 0.3
Definition 7 If u,v € S the strength of connectedness between u and v is defined as u®(uv) = Sup{u*(uv), k = 1,2, ...}.

Example 4 Continuing Example 3, the strength of the connection from vertex a to vertex ¢ is obtained: u®(ac) =
Sup{0.2,0.1,0.1} = 0.2.
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Definition 8 A uv edge is called a strong edge if pu(uv) = u®(uv).
Definition 9 A fuzzy graph G(o,u) is a strong fuzzy graph if u(uv) = o(u) Ao(v) for every uv € u*.

Example 5 Given a fuzzy graph G;(oy,u;) with a vertex set S; namely S; ={a,b,c,d,e} where 0,:5; — [0,1] and

U1:S; X Sy — [0,1] are defined as follows:

a. oy(a) =0.5,0,(b) =0.3,0,(c) =0.2,0,(d) = 0.6,0,(e) = 0.4.

b. p(ae) =0.4,u,(bc) = 0.2,u,(bd) = 0.3, u;(be) = 0.3,u;(cd) = 0.2, u,(de) = 0.4.
It will be shown that the fuzzy graph G;(oy,u;) is a strong fuzzy graph.

1. w(ae) =0,(a)Ao(e) =05A04=04

2. u(bc) =0,(b) Aoy(c) =03A02=0.2

3. u;(bd) =0,(b) Aoy;(d) =03 A0.6=0.3

4. u;(be) =0,(b) Aoy(e) =03A0.4=0.3

5. u(cd) =01(c)N0y(d)=02A06=0.2

6. u;(de) =0,(d)Aoi(e) =06A04=04

So, the fuzzy graph G,(o1, ;) is a strong fuzzy graph because p; (uv) = o;(u) A o, (v) for every uv € u,*.

3. ISOMORPHISM IN STRONG FUZZY GRAPHS

Definition 10 Given fuzzy graphs G(o,1) and G'(o’,1') with vertex sets S and S’ respectively. A mapping h:S - S’
with h bijective homomorphism is called a weak isomorphism if it satisfies o(u) = a'(h(u)) for every u € S. Furthermore,

the fuzzy graph G(o,u) is said to be weak isomorphic to G'(¢’, ).

Definition 11 Given fuzzy graphs G(o,u) and G'(o’, ') with vertex sets S and S’ respectively. A mapping h:S - S’
with h a bijective homomorphism is called a co-weak isomorphism if it satisfies u(uv) = u(h(u)h(v)) for every u,v € S.

Furthermore, the fuzzy graph G(o,p) is said to be co-weak isomorphic to G'(¢’, ).

Definition 12 Given fuzzy graphs G(o,1) and G'(o’, ') with vertex sets S and S’ respectively. A mapping h:S - S’

with h bijective homomorphism is called isomorphism if it satisfies:

1) o) =0'(h(w)) forevery u €S

2) u(uv) = ,u(h(u)h(v)) for every u,v € S
Furthermore, the fuzzy graph G(o,u) is said to be isomorphic to G'(¢’, ") and is denoted by G = G'.
Theorem 1 Let G = G', G is a strong fuzzy graph if and only if G’ is also a strong fuzzy graph.

Proof (=) Suppose G = G’ and G(o,u) are strong fuzzy graphs. We will show that G'(¢’,1") is also a strong fuzzy graph.
Since G = G'than o(u) = a’(h(u)) and u(uv) = u(h(u)h(v)) for every u,v € S, so that fuzzy graph G is a strong fuzzy

graph, than p(uv) = o(uw) A o(v) for every uv € u*. So G'(¢’, ') is also a strong fuzzy graph.
(<) Let G =G’ and G'(¢', i) is a strong fuzzy graph, it will be shown that G(o,u) is also strong fuzzy graph.

G'(o',) is a strong fuzzy graph, than p'(h(wh(®v)) = ¢'(h(w)) Ao’ (h(v)) for every uv € u*. So that u(uv) = o'(h(w)) A

6’(h(v)), uuv) = o(w) Ao(w). So G(o,u) is also strong fuzzy graphs.
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Example 6 Given a fuzzy graph G(o,u) and a fuzzy graph G'(¢’,u") as follows:

d(0.5) 03 c03) (0.7 04 r(0.4)

04 04

a04) 04 b(0.7) p(0.3) 03 q(0.5)

Figure 2. Fuzzy Grah G and G’
with the mapping h:S — S’ which is a bijective mapping defined h(a) =r, h(b) = s,h(c) = p,h(d) = q.
We will show that h satisfies the isomorphism properties:
o(a) = 0.4 dan a’(h(a)) =0'(r)=04
o(b) = 0.7 dan a’(h(b)) =0d'(s) =07
o(c) = 0.3 dan cr’(h(c)) =ad'(p) =03
o(d) = 0.5 dan a’(h(d)) =0a'(q) =05
u(ab) = 0.4 dan u’(h(a)h(b)) =u'(rs) =04
u(bc) = 0.3 dan u’(h(b)h(c)) =u'(sp) =0.3
u(ed) = 0.3 dan u’(h(c)h(d)) =u'(pq) =0.3
u(ad) = 0.4 dan ,u’(h(a)h(d)) =u'(rq) =04
u(ac) = 0.3 dan ,u’(h(a)h(c)) =u'(rp) = 0.3

So, it can be concluded that h is a bijective mapping that satisfies the isomorphism properties such that G(o,u) is

isomorphic to G'(o’,u").
It will be shown whether G(o,u) is a strong fuzzy graph.
1) wu(ed) =a(c)Ao(d)=03A05=0.3
2) wu(ac)=d(a)Aa(c)=04A03=0.3
3) ulbc)=0()Aa(c)=07A03=03
4) uplad) =c(a)Ao(d) =04A05=04
5) u(ab) =o(a)Aa(b) =04A0.7 =0.4
so, G(o,u) strong fuzzy graph.
It will also be shown whether G'(¢’, ') is a strong fuzzy graph.
1) () =dP)Aad'(q) =03A05=03
2) wpr)=d@)Ac'(r)=03A04=03
3) us)=dP)Ad'(s)=03A07=0.3
4) u@r)=d(@QAd'(r)=05A04=04

5 u@rs)=0(r)Ad'(s)=04A07=04

144



Trisanti & Saleh International Journal of Trends in Mathematics Education Research, Vol. 7, No. 3, (2024), pp. 141-146

So, G'(¢', ") is also a strong fuzzy graph.
Thus G(o,u) is a strong fuzzy graph if and only if G'(¢’,u’) is also a strong fuzzy graph.

Theorem 2 Given that G(o,u) is co-weak isomorphic to G'(d’, i), if G'(d’, ") is a strong fuzzy graph then G(o,u) is also
a strong fuzzy graph.

Proof Suppose G(o,1) is co-weak isomorphic to G'(¢’,4") and G'(¢’,1") is a strong fuzzy graph. It will be proven that
G(o, 1) is also a strong fuzzy graph.

The fuzzy graph G(o,u) isomorphically co-weak with G'(o’,i)) then o(u) < o’(h(u)) for every u€S and pu(uv) =
1 (h(wh(v)) for everyu,v € S.

The fuzzy graph G'(¢’, i) is a strong fuzzy graph, then y'(h(Wh(®)) = o'(h(w)) Ao’ (h(v)) for every uv € u*. From the

facts above, it can be concluded that
¢ (RWh(®)) = o' (h(w) Ao’ (h(v))
pu) = o’ (h(w) Aa’(h(v))
u(uv) = a(u) Ao(v) for every uv € u*.
So, G(o,u) is also a strong fuzzy graph because p(uv) = o(u) Ao(v) for every uv € u*.

Corollary Let G(o,u) is weakly isomorphic to G'(¢’,i') a strong fuzzy graph on one graph does not always have an

impact on the other graph.

Example 7 Given a fuzzy graph G(o,u) and a strong fuzzy graph G'(¢’,') as shown in the following figure.

pi0.5)
a(0.5) 0.1 d[0.1)
0.3 0.1
b(0.4} 0.1 c(0.2) q[O.:) 0.1 s(0.1)

Figure 3. Fuzzy Graph G and G’

with the mapping h:S — S’ which is a bijective mapping defined by h(a) = p,h(b) = q,h(c) = r,h(d) = s. It will be shown

that h satisfies the weak isomorphism properties:
1) o(a) =05 dan o'(h(a)) = a(p) = 0.5
2) o(b) =04 dan o'(h(h)) = a(q) = 0.4
3) 0(c) =02 dan o'(h(c)) =0o(r) =02
4) o(d) =0.1 dan o'(h(d)) = o(s) = 0.1
5) u(cd) =0.1 dan ¢/ (h(c)h(d)) = ¢'(rs) = 0.1
6) wu(bc) =0.1 dan p'(h(b)h(c)) = u'(gr) = 0.2
7) u(ab) = 0.3 dan p'(h(a)h(b)) = ' (pq) = 0.4

8) wu(ad)=0.1 dan ,u’(h(a)h(d)) =u'(ps) = 0.1
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So, h is a bijective mapping that satisfies the properties of weak isomorphism such that G(o,u) is weakly isomorphic
with G'(a’,u").
It will be shown whether G(o,u) is a strong fuzzy graph.

Note that u(bc) = 0.1 dan u'(h(b)h(c)) = '(qr) = 0.2. So G(o,u) is not a strong fuzzy graph because there is 0.1 =
ulbc) #a() A o(c) =04A02=0.2.

4. CONCLUSION

Based on the discussion described previously, it is obtained that G(o,u) is isomorphic with G'(¢’,y"), G(o,u) a strong
fuzzy graph if and only if G'(¢',u’) is also Fuzzy graphs are strong, but do not apply if G(o,1) weak isomorphic with
G'(o',1). If G(o,u) co-weak isomorphic with G'(¢’, "), if G'(¢',u’) is a strong fuzzy graph then G(o,u) is also a strong
fuzzy graph, but the opposite is not true.
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