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1. INTRODUCTION 

Fuzzy Graph is an extension of the Rigid Graph. The first definition of a fuzzy graph was introduced by Kaufmann in 

1973 based on the Zadeh fuzzy relation. A more detailed definition was given by A. Rosenfeld in 1975, considering fuzzy 

relations on fuzzy sets and building a theory of fuzzy graphs. Rosenfeld has produced several concepts such as bridges, 

paths, cycles and fuzzy trees and determined their properties. At the same time, Yoh and Bang also introduced the 

concept of connectedness in fuzzy graphs. This paper will discuss the properties of fuzzy graph isomorphism, including 

weak isomorphism, co-weak isomorphism, and isomorphism in strong fuzzy graphs developed by A. Nagoor Gani and J. 

Malarvizhi (2009). 

 

2. STRONG FUZZY GRAPH 

The following will provide definitions of sharp graphs, fuzzy graphs, connectedness in fuzzy graphs and strong fuzzy 

graphs. 

Definition 1 Let 𝑆 be a set of vertices. A fuzzy graph 𝐺(𝜎, 𝜇) is a pair of functions where: 

𝜎: 𝑆 → [0,1] 

𝜇: 𝑆 × 𝑆 → [0,1] 

such that 𝜇(𝑢𝑣) ≤ 𝜎(𝑢) ∧ 𝜎(𝑣), ∀𝑢, 𝑣 ∈ 𝑆 where 𝜎 is the vertex membership degree and 𝜇 is the edge membership degree 

of the fuzzy graph. The notation ∧= 𝑖𝑛𝑓{𝜎(𝑢), 𝜎(𝑣)}, ∀𝑢, 𝑣 ∈ 𝑆. 

Definition 2 Vertex 𝑢 and 𝑣 are said to be adjacent if there is an edge 𝑒 connecting the two vertex or 𝑒 = 𝑢𝑣. While 𝑢 

and 𝑣 are said to be incident with edge 𝑒 and 𝑒 is said to be incident with 𝑢 and 𝑣. 

Example 1 Given a set of vertex 𝑆, namely 𝑆 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒} and a fuzzy graph 𝐺(𝜎, 𝜇) where the membership degrees of 

the vertex are 𝜎(𝑎) = 0,6, 𝜎(𝑏) = 0,4, 𝜎(𝑐) = 0,6, 𝜎(𝑑) = 0,4, 𝜎(𝑒) = 0,5  and the membership degrees of the edges are 

𝜇(𝑎𝑏) = 0,3, 𝜇(𝑏𝑐) = 0,2, 𝜇(𝑏𝑒) = 0,1, 𝜇(𝑐𝑑) = 0,2, 𝜇(𝑐𝑒) = 0,4, 𝜇(𝑑𝑒) = 0,3, then the fuzzy graph 𝐺(𝜎, 𝜇) is as follows 
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Figure 1. Fuzzy Grah 𝐺 

Definition 3 A path in a fuzzy graph 𝐺(𝜎, 𝜇) is a sequence of distinct edges 𝑢0𝑢1, 𝑢1𝑢2, 𝑢2𝑢3, … , 𝑢𝑘−1𝑢𝑘  such that 

𝜇(𝑢𝑖−1𝑢𝑖) > 0 and 1 ≤ 𝑖 ≤ 𝑘. Here 𝑘 is called the length of a path. A consecutive pair 𝑢𝑖−1𝑢𝑖 is called an arc on the path. 

The path connecting a vertex 𝑢 to 𝑣 is denoted by 𝑃(𝑢 − 𝑣). 

Definition 4 A fuzzy graph 𝐺(𝜎, 𝜇) is called a strong fuzzy graph if 𝜇(𝑢𝑣) ≤ 𝜎(𝑢) ∧ 𝜎(𝑣), ∀(𝑢𝑣) ∈ 𝜇∗. 

Definition 5 If 𝑢 and 𝑣 are vertex in 𝐺(𝜎, 𝜇) with paths 𝑢 = 𝑣0, 𝑣1, 𝑣2, … , 𝑣𝑘−1, 𝑣𝑘 and if 𝑢 and 𝑣 are connected by a 

path, then the strength of the path is defined as ⋀ 𝑣𝑖−1𝑣𝑖
𝑘
𝑖=1  which is the strength of the weakest arc. 

Example 2 Given a fuzzy graph 𝐺(𝜎, 𝜇) in Figure 1, the path strength from vertex 𝑎 to vertex 𝑐 will be sought, which is 

defined as the strength of the weakest arc, then obtained: 

Path strength from point 𝑎 to point 𝑐 

Path strength 𝑎𝑏𝑐 = 𝑖𝑛𝑓{0.3,0.2} = 0.2 

Path strength 𝑎𝑏𝑒𝑐 = 𝑖𝑛𝑓{0.3,0.1,0.4} = 0.1 

Path strength 𝑎𝑏𝑒𝑑𝑐 = 𝑖𝑛𝑓{0.3,0.1,0.3,0.2} = 0.1 

Definition 6 If 𝑢  and 𝑣  are connected by a path of length 𝑘  then 𝜇𝑘(𝑢𝑣)  is defined 𝜇𝑘(𝑢𝑣) =

𝑆𝑢𝑝{𝜇(𝑢𝑣1), 𝜇(𝑣1𝑣2), … , 𝜇(𝑣𝑘−1𝑣)}, ∀𝑢, 𝑣1, … , 𝑣𝑘−1 ∈ 𝑆. 

Example 3 Given a fuzzy graph 𝐺(𝜎, 𝜇) in Figure 1, the path strength from vertex 𝑎 to vertex 𝑐 with length 𝑘 is 

obtained as follows: 

Path strength 𝑎𝑏𝑐 = 𝑠𝑢𝑝{0.3,0.2} = 0.3 

Path strength 𝑎𝑏𝑒𝑐 = 𝑠𝑢𝑝{0.3,0.1,0.4} = 0.4 

Path strength 𝑎𝑏𝑒𝑑𝑐 = 𝑠𝑢𝑝{0.3,0.1,0.3,0.2} = 0.3 

Definition 7 If 𝑢, 𝑣 ∈ 𝑆 the strength of connectedness between 𝑢 and 𝑣 is defined as 𝜇∞(𝑢𝑣) = 𝑆𝑢𝑝{𝜇𝑘(𝑢𝑣), 𝑘 = 1,2, … }. 

Example 4 Continuing Example 3, the strength of the connection from vertex 𝑎 to vertex 𝑐 is obtained: 𝜇∞(𝑎𝑐) =

𝑆𝑢𝑝{0.2,0.1,0.1} = 0.2. 
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Definition 8 A 𝑢𝑣 edge is called a strong edge if 𝜇(𝑢𝑣) ≥ 𝜇∞(𝑢𝑣). 

Definition 9 A fuzzy graph 𝐺(𝜎, 𝜇) is a strong fuzzy graph if 𝜇(𝑢𝑣) = 𝜎(𝑢) ∧ 𝜎(𝑣) for every 𝑢𝑣 ∈ 𝜇∗. 

Example 5 Given a fuzzy graph 𝐺1(𝜎1, 𝜇1)  with a vertex set 𝑆1  namely 𝑆1 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒}  where 𝜎1: 𝑆1 ⟶ [0,1]  and 

𝜇1: 𝑆1 × 𝑆1 ⟶ [0,1] are defined as follows: 

a. 𝜎1(𝑎) = 0.5, 𝜎1(𝑏) = 0.3, 𝜎1(𝑐) = 0.2, 𝜎1(𝑑) = 0.6, 𝜎1(𝑒) = 0.4. 

b. 𝜇1(𝑎𝑒) = 0.4, 𝜇1(𝑏𝑐) = 0.2, 𝜇1(𝑏𝑑) = 0.3, 𝜇1(𝑏𝑒) = 0.3, 𝜇1(𝑐𝑑) = 0.2, 𝜇1(𝑑𝑒) = 0.4. 

It will be shown that the fuzzy graph 𝐺1(𝜎1, 𝜇1) is a strong fuzzy graph. 

1. 𝜇1(𝑎𝑒) = 𝜎1(𝑎) ∧ 𝜎1(𝑒) = 0.5 ∧ 0.4 = 0.4 

2. 𝜇1(𝑏𝑐) = 𝜎1(𝑏) ∧ 𝜎1(𝑐) = 0.3 ∧ 0.2 = 0.2 

3. 𝜇1(𝑏𝑑) = 𝜎1(𝑏) ∧ 𝜎1(𝑑) = 0.3 ∧ 0.6 = 0.3 

4. 𝜇1(𝑏𝑒) = 𝜎1(𝑏) ∧ 𝜎1(𝑒) = 0.3 ∧ 0.4 = 0.3 

5. 𝜇1(𝑐𝑑) = 𝜎1(𝑐) ∧ 𝜎1(𝑑) = 0.2 ∧ 0.6 = 0.2 

6. 𝜇1(𝑑𝑒) = 𝜎1(𝑑) ∧ 𝜎1(𝑒) = 0.6 ∧ 0.4 = 0.4 

So, the fuzzy graph 𝐺1(𝜎1, 𝜇1) is a strong fuzzy graph because 𝜇1(𝑢𝑣) = 𝜎1(𝑢) ∧ 𝜎1(𝑣) for every 𝑢𝑣 ∈ 𝜇1
∗. 

 

3. ISOMORPHISM IN STRONG FUZZY GRAPHS 

Definition 10 Given fuzzy graphs 𝐺(𝜎, 𝜇) and 𝐺′(𝜎′, 𝜇′) with vertex sets 𝑆 and 𝑆′ respectively. A mapping ℎ: 𝑆 → 𝑆′ 

with ℎ bijective homomorphism is called a weak isomorphism if it satisfies 𝜎(𝑢) = 𝜎′(ℎ(𝑢)) for every 𝑢 ∈ 𝑆. Furthermore, 

the fuzzy graph 𝐺(𝜎, 𝜇) is said to be weak isomorphic to 𝐺′(𝜎′, 𝜇′). 

Definition 11 Given fuzzy graphs 𝐺(𝜎, 𝜇) and 𝐺′(𝜎′, 𝜇′) with vertex sets 𝑆 and 𝑆′ respectively. A mapping ℎ: 𝑆 → 𝑆′ 

with ℎ a bijective homomorphism is called a co-weak isomorphism if it satisfies 𝜇(𝑢𝑣) = 𝜇(ℎ(𝑢)ℎ(𝑣)) for every 𝑢, 𝑣 ∈ 𝑆. 

Furthermore, the fuzzy graph 𝐺(𝜎, 𝜇) is said to be co-weak isomorphic to 𝐺′(𝜎′, 𝜇′). 

Definition 12 Given fuzzy graphs 𝐺(𝜎, 𝜇) and 𝐺′(𝜎′, 𝜇′) with vertex sets 𝑆 and 𝑆′ respectively. A mapping ℎ: 𝑆 → 𝑆′ 

with ℎ bijective homomorphism is called isomorphism if it satisfies: 

1) 𝜎(𝑢) = 𝜎′(ℎ(𝑢)) for every 𝑢 ∈ 𝑆 

2) 𝜇(𝑢𝑣) = 𝜇(ℎ(𝑢)ℎ(𝑣)) for every 𝑢, 𝑣 ∈ 𝑆 

Furthermore, the fuzzy graph 𝐺(𝜎, 𝜇) is said to be isomorphic to 𝐺′(𝜎′, 𝜇′) and is denoted by 𝐺 ≅ 𝐺′. 

Theorem 1 Let 𝐺 ≅ 𝐺′, 𝐺 is a strong fuzzy graph if and only if 𝐺′ is also a strong fuzzy graph. 

Proof (→) Suppose 𝐺 ≅ 𝐺′ and 𝐺(𝜎, 𝜇) are strong fuzzy graphs. We will show that 𝐺′(𝜎′, 𝜇′) is also a strong fuzzy graph. 

Since 𝐺 ≅ 𝐺′than 𝜎(𝑢) = 𝜎′(ℎ(𝑢)) and 𝜇(𝑢𝑣) = 𝜇(ℎ(𝑢)ℎ(𝑣)) for every 𝑢, 𝑣 ∈ 𝑆, so that fuzzy graph 𝐺 is a strong fuzzy 

graph, than 𝜇(𝑢𝑣) = 𝜎(𝑢) ∧ 𝜎(𝑣) for every 𝑢𝑣 ∈ 𝜇∗. So 𝐺′(𝜎′, 𝜇′) is also a strong fuzzy graph. 

(←) Let 𝐺 ≅ 𝐺′ and 𝐺′(𝜎′, 𝜇′) is a strong fuzzy graph, it will be shown that 𝐺(𝜎, 𝜇) is also strong fuzzy graph. 

𝐺′(𝜎′, 𝜇′) is a strong fuzzy graph, than 𝜇′(ℎ(𝑢)ℎ(𝑣)) = 𝜎′(ℎ(𝑢)) ∧ 𝜎′(ℎ(𝑣)) for every 𝑢𝑣 ∈ 𝜇∗. So that 𝜇(𝑢𝑣) = 𝜎′(ℎ(𝑢)) ∧

𝜎′(ℎ(𝑣)), 𝜇(𝑢𝑣) = 𝜎(𝑢) ∧ 𝜎(𝑣). So 𝐺(𝜎, 𝜇) is also strong fuzzy graphs. 
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Example 6 Given a fuzzy graph 𝐺(𝜎, 𝜇) and a fuzzy graph 𝐺′(𝜎′, 𝜇′) as follows: 

 

Figure 2. Fuzzy Grah 𝐺 and 𝐺′ 

with the mapping ℎ: 𝑆 → 𝑆′ which is a bijective mapping defined ℎ(𝑎) = 𝑟, ℎ(𝑏) = 𝑠, ℎ(𝑐) = 𝑝, ℎ(𝑑) = 𝑞. 

We will show that ℎ satisfies the isomorphism properties: 

𝜎(𝑎) = 0.4 dan 𝜎′(ℎ(𝑎)) = 𝜎′(𝑟) = 0.4 

𝜎(𝑏) = 0.7 dan 𝜎′(ℎ(𝑏)) = 𝜎′(𝑠) = 0.7 

𝜎(𝑐) = 0.3 dan 𝜎′(ℎ(𝑐)) = 𝜎′(𝑝) = 0.3 

𝜎(𝑑) = 0.5 dan 𝜎′(ℎ(𝑑)) = 𝜎′(𝑞) = 0.5 

𝜇(𝑎𝑏) = 0.4 dan 𝜇′(ℎ(𝑎)ℎ(𝑏)) = 𝜇′(𝑟𝑠) = 0.4 

𝜇(𝑏𝑐) = 0.3 dan 𝜇′(ℎ(𝑏)ℎ(𝑐)) = 𝜇′(𝑠𝑝) = 0.3 

𝜇(𝑐𝑑) = 0.3 dan 𝜇′(ℎ(𝑐)ℎ(𝑑)) = 𝜇′(𝑝𝑞) = 0.3 

𝜇(𝑎𝑑) = 0.4 dan 𝜇′(ℎ(𝑎)ℎ(𝑑)) = 𝜇′(𝑟𝑞) = 0.4 

𝜇(𝑎𝑐) = 0.3 dan 𝜇′(ℎ(𝑎)ℎ(𝑐)) = 𝜇′(𝑟𝑝) = 0.3 

So, it can be concluded that ℎ is a bijective mapping that satisfies the isomorphism properties such that 𝐺(𝜎, 𝜇) is 

isomorphic to 𝐺′(𝜎′, 𝜇′). 

It will be shown whether 𝐺(𝜎, 𝜇) is a strong fuzzy graph. 

1) 𝜇(𝑐𝑑) = 𝜎(𝑐) ∧ 𝜎(𝑑) = 0.3 ∧ 0.5 = 0.3 

2) 𝜇(𝑎𝑐) = 𝜎(𝑎) ∧ 𝜎(𝑐) = 0.4 ∧ 0.3 = 0.3 

3) 𝜇(𝑏𝑐) = 𝜎(𝑏) ∧ 𝜎(𝑐) = 0.7 ∧ 0.3 = 0.3 

4) 𝜇(𝑎𝑑) = 𝜎(𝑎) ∧ 𝜎(𝑑) = 0.4 ∧ 0.5 = 0.4 

5) 𝜇(𝑎𝑏) = 𝜎(𝑎) ∧ 𝜎(𝑏) = 0.4 ∧ 0.7 = 0.4 

so, 𝐺(𝜎, 𝜇) strong fuzzy graph. 

It will also be shown whether 𝐺′(𝜎′, 𝜇′) is a strong fuzzy graph. 

1) 𝜇′(𝑝𝑞) = 𝜎′(𝑝) ∧ 𝜎′(𝑞) = 0.3 ∧ 0.5 = 0.3 

2) 𝜇′(𝑝𝑟) = 𝜎′(𝑝) ∧ 𝜎′(𝑟) = 0.3 ∧ 0.4 = 0.3 

3) 𝜇′(𝑝𝑠) = 𝜎′(𝑝) ∧ 𝜎′(𝑠) = 0.3 ∧ 0.7 = 0.3 

4) 𝜇′(𝑞𝑟) = 𝜎′(𝑞) ∧ 𝜎′(𝑟) = 0.5 ∧ 0.4 = 0.4 

5) 𝜇′(𝑟𝑠) = 𝜎′(𝑟) ∧ 𝜎′(𝑠) = 0.4 ∧ 0.7 = 0.4 
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So, 𝐺′(𝜎′, 𝜇′) is also a strong fuzzy graph. 

Thus 𝐺(𝜎, 𝜇) is a strong fuzzy graph if and only if 𝐺′(𝜎′, 𝜇′) is also a strong fuzzy graph. 

Theorem 2 Given that 𝐺(𝜎, 𝜇) is co-weak isomorphic to 𝐺′(𝜎′, 𝜇′), if 𝐺′(𝜎′, 𝜇′) is a strong fuzzy graph then 𝐺(𝜎, 𝜇) is also 

a strong fuzzy graph. 

Proof Suppose 𝐺(𝜎, 𝜇) is co-weak isomorphic to 𝐺′(𝜎′, 𝜇′) and 𝐺′(𝜎′, 𝜇′) is a strong fuzzy graph. It will be proven that 

𝐺(𝜎, 𝜇) is also a strong fuzzy graph. 

The fuzzy graph 𝐺(𝜎, 𝜇)  isomorphically co-weak with 𝐺′(𝜎′, 𝜇′)  then 𝜎(𝑢) ≤ 𝜎′(ℎ(𝑢))  for every  𝑢 ∈ 𝑆  and 𝜇(𝑢𝑣) =

𝜇′(ℎ(𝑢)ℎ(𝑣)) for every 𝑢, 𝑣 ∈ 𝑆. 

The fuzzy graph 𝐺′(𝜎′, 𝜇′) is a strong fuzzy graph, then 𝜇′(ℎ(𝑢)ℎ(𝑣)) = 𝜎′(ℎ(𝑢)) ∧ 𝜎′(ℎ(𝑣)) for every 𝑢𝑣 ∈ 𝜇∗. From the 

facts above, it can be concluded that 

𝜇′(ℎ(𝑢)ℎ(𝑣)) = 𝜎′(ℎ(𝑢)) ∧ 𝜎′(ℎ(𝑣)) 

𝜇(𝑢𝑣) = 𝜎′(ℎ(𝑢)) ∧ 𝜎′(ℎ(𝑣)) 

𝜇(𝑢𝑣) = 𝜎(𝑢) ∧ 𝜎(𝑣) for every 𝑢𝑣 ∈ 𝜇∗. 

So, 𝐺(𝜎, 𝜇) is also a strong fuzzy graph because 𝜇(𝑢𝑣) = 𝜎(𝑢) ∧ 𝜎(𝑣) for every 𝑢𝑣 ∈ 𝜇∗. 

Corollary Let 𝐺(𝜎, 𝜇) is weakly isomorphic to 𝐺′(𝜎′, 𝜇′) a strong fuzzy graph on one graph does not always have an 

impact on the other graph. 

Example 7 Given a fuzzy graph 𝐺(𝜎, 𝜇) and a strong fuzzy graph 𝐺′(𝜎′, 𝜇′) as shown in the following figure. 

 

Figure 3. Fuzzy Graph 𝐺 and 𝐺′ 

with the mapping ℎ: 𝑆 → 𝑆′ which is a bijective mapping defined by ℎ(𝑎) = 𝑝, ℎ(𝑏) = 𝑞, ℎ(𝑐) = 𝑟, ℎ(𝑑) = 𝑠 . It will be shown 

that ℎ satisfies the weak isomorphism properties: 

1) 𝜎(𝑎) = 0.5 dan 𝜎′(ℎ(𝑎)) = 𝜎(𝑝) = 0.5 

2) 𝜎(𝑏) = 0.4 dan 𝜎′(ℎ(𝑏)) = 𝜎(𝑞) = 0.4 

3) 𝜎(𝑐) = 0.2 dan 𝜎′(ℎ(𝑐)) = 𝜎(𝑟) = 0.2 

4) 𝜎(𝑑) = 0.1 dan 𝜎′(ℎ(𝑑)) = 𝜎(𝑠) = 0.1 

5) 𝜇(𝑐𝑑) = 0.1 dan 𝜇′(ℎ(𝑐)ℎ(𝑑)) = 𝜇′(𝑟𝑠) = 0.1 

6) 𝜇(𝑏𝑐) = 0.1 dan 𝜇′(ℎ(𝑏)ℎ(𝑐)) = 𝜇′(𝑞𝑟) = 0.2 

7) 𝜇(𝑎𝑏) = 0.3 dan 𝜇′(ℎ(𝑎)ℎ(𝑏)) = 𝜇′(𝑝𝑞) = 0.4 

8) 𝜇(𝑎𝑑) = 0.1 dan 𝜇′(ℎ(𝑎)ℎ(𝑑)) = 𝜇′(𝑝𝑠) = 0.1 
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So, ℎ is a bijective mapping that satisfies the properties of weak isomorphism such that 𝐺(𝜎, 𝜇) is weakly isomorphic 

with 𝐺′(𝜎′, 𝜇′). 

It will be shown whether 𝐺(𝜎, 𝜇) is a strong fuzzy graph.  

Note that 𝜇(𝑏𝑐) = 0.1 dan 𝜇′(ℎ(𝑏)ℎ(𝑐)) = 𝜇′(𝑞𝑟) = 0.2. So 𝐺(𝜎, 𝜇) is not a strong fuzzy graph because there is 0.1 =

𝜇(𝑏𝑐) ≠ 𝜎(𝑏) ∧  𝜎(𝑐) = 0.4 ∧ 0.2 = 0.2. 

 

4. CONCLUSION 

Based on the discussion described previously, it is obtained that 𝐺(𝜎, 𝜇) is isomorphic with 𝐺′(𝜎′, 𝜇′), 𝐺(𝜎, 𝜇) a strong 

fuzzy graph if and only if 𝐺′(𝜎′, 𝜇′) is also Fuzzy graphs are strong, but do not apply if 𝐺(𝜎, 𝜇) weak isomorphic with 

𝐺′(𝜎′, 𝜇′). If 𝐺(𝜎, 𝜇) co-weak isomorphic with 𝐺′(𝜎′, 𝜇′), if 𝐺′(𝜎′, 𝜇′) is a strong fuzzy graph then 𝐺(𝜎, 𝜇) is also a strong 

fuzzy graph, but the opposite is not true. 
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